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Let Y =x;, z. a, 8’ be a formal differential operator with constant coefficients 
in R”, n 3 2, j is a multi-index. We say that Y has property C iff, for any bounded 
domain D c R”, the set of products {urr} t(u,w~N,(Y):= {u:Zu=O in D, 
UEH~(D)} is complete in L’(D). Here H”‘(D) is the Sobolev space. A necessary 
and sutficient condition is given for 4p to have property C. 0 1991 Acadenuc Press, Inc. 
I. INTRODUCTION: STATEMENT OF THE RESULT 
Let Y = C;l, =0 uj a J be a formal differential operator with constant 
coeffkients in R”, n 2 2, j is a multi-index. We say that 2 has property 
C iff, for any bounded domain D c R”, the set of products {UW} 
Vu, HEN, := {u: Yu=O in D, UEEP(D)} is complete in L*(D). Here 
H”(D) is the Sobolev space. We will use in the arguments a result on 
approximation of solutions to homogeneous PDE with constant coefficients 
by exponential solutions [I, p. 393 and some simple facts about algebraic 
sets and affine varieties [Z]. 
Let us define an algebraic set 
A:= ZIZEcn,Y(z):= t 
i’i =o 
(1) 
The basic result of this paper is 
THEOREM 1. For 9 to have property C it is necessary and sufficient that 
Z(z) is not of the form 
tic 
b,+ i b,z, 
> 
“I’, i m.i= m, (2) 
J--I k=l j=l 
where bk, 1 < k < n, are constants which do not depend on j, b, are constants. 
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EXAMPLES. (1) Let Y = C;=, J*/~.Y~ := n be the Laplacian. Then 
=qz)=C;:=, Zk 2 is not of the form (2). Thus A has property C; (2) Let 
Y=i(d/&)-A; 5qz)=iz,-c;=, z: is not of the form (2). Thus 
i(a/ar)--d has property C; (3) The operators 2 := S2/r?t2-A and 
a/t?t -A have property C. 
Property C was introduced in [3] and used systematically in the series 
of works [3-211 as a powerful tool for a study of multidimensional inverse 
problems. In particular, the uniqueness theorem for 30 (three dimensional) 
inverse scattering problems with fixed energy data and 30 inverse problems 
of geophysics with fixed frequency data was proved in [557, 9, lo], and the 
proof was based on the property C; the inversion formula and mathemati- 
cally justified numerical method for solving the inverse scattering problem 
with fixed energy data was developed on the basis of property C [S, It, 
121. In [S] property C for a pair (2,) SC;) of formal partial differential 
operators has been defined: this pair has property C iff the set { U~V} 
VU E ND(Y, ), VW E N,(Y2), is complete in L’(D). Thus, 6p has property C 
is equivalent to (9, .Y) has property C. In [S] Theorem 1 has been proved 
under the assumption hat a, are real numbers. Here we give a proof for the 
general case. 
If. PROOFS 
The proof consists of the following steps. First we prove: 
LEMMA 1. -9’ has property C ijjj the affine variety JH, defined by (1 ), has 
at least two points, m, and m,, at which the tangent spaces T, and T, to JY 
are not parallel. 
Second we prove: 
LEMMA 2. JY has at least two points at which the tangent spaces T, and 
T, are not parallel iff 9(z) is not of the form (2). 
Combining these two lemmas one obtains Theorem 1. 
Proof of Lemma 1. (a) Sufficiency. Assume that there exist two points 
with the property formulated in Lemma 1. We wish to derive that property 
C holds. Note that exp(z X) E N(Y) iff z E A. Suppose we have proved 
that the set (*) (exp[(z + [) .x1}, t/z, [E A, is complete in L*(D). Then 2 
has property C because exp(z .x) E N,(Y) for any bounded D. The set (*) 
is complete in L’(D) if the set {z + [I Vz, [EM contains a ball in @“. 
Assuming the condition of Lemma 1, it is easy to see that the set {z + i} 
Vz, <E JZ contains a ball B c @“. Indeed, a basis of T, consists of n - 1 
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linearly independent vectors z”), . . . . z(“- ‘) E T, of @“. If T, is not parallel to 
T,, one can find a vector [‘“‘E T2 such that the set {z(i), . . . . z(“- ‘), i”“} 
forms a basis of C”. Then one can find .2(l), . . . . z”‘“- ‘) E J# and r(“’ E &Z such 
that the set {z”i, . . . . Z(nP1), p”‘} forms a basis of C”. Therefore the set 
{z + [ > Vz, i E Jz’ contains a ball B c C”. Thus, the set exp[(z + [).x1 
contains the set exp(ip .x) VIE B. This set is complete in L’(D) (and 
in ,54(D) Vq>l). Indeed, let F(p):=j,fexp(ip.x)dx=O VpeB and 
f~ L2(D). Since F(p) is an entire function of p which vanishes in B, it 
vanishes everywhere. Therefore f = 0. The sufficiency is proved. 
(b) Necessity. Assume that property C holds but the tangent spaces 
T to ~2’ are paraile1 at all points at which they exist. We want to show that 
this leads to a contradiction. Indeed, one can assume that ~2’ is defined by 
an irreducible polynomial. Otherwise the argument below can be applied 
to each of the irreducible components of M. If 2(z) is an irreducible 
polynomial and & is defined by (I), then VY(z) # 0 almost everywhere on 
A (almost everywhere (= a.e.) with respect to the Lebesgue measure 
induced on J?!, V stands for gradient). Therefore VP(z) := h is a constant 
vector in C” for all ZE ~2’ for which VY(z) is defined. Therefore ~2’ is 
locally a plane with the normal VU(z) which does not depend on z E A(. 
By continity, ~2’ is a plane globally with b being its normal. Here we 
use the assumed irreducibility. But then Y(z) = b, + I;= 1 h,z,, N(Z) = 
(~:h~u+x:;=, b,(&/Jx,)=O~, bk=const, 1 dkdn. If 2?(z) is reducibIe 
and Mi is a component of ~2’ corresponding to an irreducible divisor of 
Y(z), say q(z), then the above argument is applicable to this irreducible 
factor, say q(z). Let us assume without loss of generality that b, # 0 
and put U= u exp( -(b,,/b,)x,). Then UE N(Z) implies VE N, := 
{u:C;=~ bk(&$3xk)=O}. Th e set {exp(z .x)} Vz such that z .b := 
C;:=lzkbk=O is complete in N,,:=(~:C;=,b~(au/ax~)=O} for any 
convex bounded domain D [ 1, p. 391. (For our purpose the assumption 
that D is convex is not a restriction: if D is not convex one considers its 
convex hull, ch D. If the set {UW} is complete in L’(ch D), it is complete 
in L’(D)). Therefore property C does not hold for 9 if the set 
iexpC(z+i)-xl, k 5: 2.6 = <.b=O} is not complete in L’(D). Let us 
prove that the set 
{expC(z+O.xl} Vz,[:z.b=[.b=O (3) 
is not complete in L’(D). Without loss of generality take D = D, ~ 1 x [0, I] 
where D, _ i is a bounded domain in R”- ‘. Let x’ = (x, , . . . . x, ~, ). Choose 
Choose a coordinate system in @” in which b has coordinates (0, . . . . 0, b,), 
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where without loss of generality one can assume h,, = 1. Then the condi- 
tions (3) become 
z,z = [, = 0. (4) 
Thus z+~=(P,,...,P~~ ,, 0) := (p’, O), where p’ = (p,, . . . . p,-- , ), and 
I := jD f(x’, x,) exp(ip .x) dx = i 
h-1 
exp(ip’ .x’) dx’ lo1 6(x,) dx,. (5) 
Choose 4(x,) $0 such that jh 4(x,,) dx, = 0. Then f$O and f is 
orthogonal to all functions from the set (3). Thus, property C does not 
hold. A similar argument applies in the case when 9 has finitely many 
irreducible factors. Lemma 1 is proved. 
Proof of Lemma 2. (a) Sufficiency. If Z’(z) is not of the form (2), then 
there exist at least two points at which the tangent spaces to J? are not 
parallel. Otherwise, as was shown in the Proof of Lemma 1, each 
irreducible factor of Y(z) has form (2) with J= 1 and mj= 1, so that Y(z) 
has form (2). 
(b) Necessity. If p(z) has form (2) then the tangent space to &? at 
a point m E & is a plane 
i bk(Zk-ukj)=O, uj=(ul~j, . ..) Unj) (6) 
k=l 
so that all the tangent spaces to J& are parallel. Here aj is a point on the 
jth component of J&. All J components of JZ are parallel planes in C”. 
Lemma 2 is proved. 
Remark 1. In the Proof of Lemma 1 we have used the following result. 
Suppose Y(z) is an irreducible polynomial of z E @” which defines an afline 
variety d := {zIzE@~, g(z) =O}. If a polynomial Q(Z) vanishes on an 
open subset of J%‘, then Q(z) vanishes on all of 4. Therefore VZ(z) does 
not vanish on any open set on &! if Y(z) is an irreducible polynomial. 
Remark 2. Here we discuss property C for a formal differential 
operator with constant coefficients. One can study similarly property C for 
pairs (pi, -U;) of such operators. In [S] property C has been proved for 
elliptic second order differential operators of the form (Ya,.,, Zblbl) where 
Z~,,.,u=V.{[l-tu,(x)] Vu(x)}+k2u,(x)u, k=const>O, a, and uz are 
real valued compactly supported functions a, E Lf,,, a, E Hi,, 1 + u, > 
c > 0, where c = const, H” is the Sobolev space and x E R”, n B 3. In [ IS] 
property C has been used in a proof of a uniqueness theorem for Maxwell’s 
equations. In [i9] this property is used in a proof of the uniqueness 
theorem for an inverse spectral problem. It can also be used for a proof of 
a uniqueness theorem for a wave equation with time dependent potential 
WI. 
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